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Abstract. 

The question on expansion of moving volume inside of a smooth flow of the com- 
pressible liquid is under consideration. We find a condition on initial data such that 
if it holds, then within a finite time either the boundary of the moving volume attains 
a given neighborhood of a certain point (that do not belong to the volume initially), 
or some a priori estimate for the pressure on the boundary of volume fails. 



Let us consider the following system of conservation laws 

p(atV + (v,v)v) = -vp, (1) 

dtp + div (pY) = (2) 

dtS +{Y,V)S ^0. (3) 

The density, velocity vector and entropy (p, V = {Vi, Vn) and S, respectively) are 
unknown. These functions depend on time t and on point x = {xi, ...,Xn) S M". Here 
P[t,x) is the pressure, 7 is the adiabatic exponent (7 = const > 1). We consider (1 
- 3) together with the state equation 

P = p'^e^. (4) 

It follows from (3) and (4), that for smooth solutions 

atP+ (V,VP) +7PdwV = (5) 

holds. 

We set the Cauchy problem for (1-3), namely, 

p(0, x) = po{x), V(0, x) = Vo(x), 5(0, x) = So{x). (6) 

According to (4), the pressure P{t,x) can be expressed initially through initial data 
(6) as P(0,x) := Po{x) = pl{x)e^'>'^''\ 

Problem (1-3, 6) has a solution so smooth as initial data (locally in time), that 
is, for example, if the initial data are of class C^(]R"), then there exists such > 0, 
that for te [0, T], r < T,, the solution to system (1-3) will be classical ([T],[2]). The 
pressure has the smoothness as well. 
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We consider a finite moving volume V(t)(may be, disconnected), with the smooth 
boundary dV{t), consisting from the same particles. 

We suppose that initially a certain point xq do not belong to V{t). Let us set 
the following question: what conditions we have to impose on initial data provided 
they are known only inside V(0), to guarantee that within a time where the flow 
keeps smoothness, the boundary of given moving volume will attain a given e - 
neighborhood of point xq? It is clear that for the answer to this question it needs 
to do some assumptions on the thermodynamic values in the whole space, not only 
inside V(0). 

It is known that the lose of smoothness signifies that either the solution itself 
or its gradient rase without bound p],[2l,[Hl- As the solution keeps smoothness at 
t e [0,T], T < T*, then there exists M{T), such that 



J (^,N)P(t,x)dr| <Af(r) 



dV{t) 

where dT is an element of surface dV{t). The assumption is that we know the con- 
stant M{T) in advance. 

Definition We will say that the pressure in the moment t is distributed along 
the boundary dV{t) of domain V{t) regularly with the constant A/ > 0, if 



J (^,N)p(t,x)dr 



< M. (7) 



9V(t) 



We point out that if the pressure P{t, x) is constant, then the integral in the left 
hand side of (7) is equal to zero. When we set M sufficiently small, we assume that 
the volume will not occur in the zone of large gradient of pressure. 

Let us recall that equations (1-3, 5) are differential corollaries of conservation 
laws (namely, conservation of mass m, impulses and total energy E) taking into 
account the first law of thermodynamics |4j. In our notation 

m = J p{t, x) dx; 

V{t) 

in the terms of density, velocity and pressure the total energy has the form 
E= J {lp{t,x)\V\' + -^Pit,x))dx. 

V(t) 

Let us introduce the functional 

G^it) = J p{t,x)(l){\x\)dx. 

V(t) 

We denote a = (tJi, ) the vector with components ak = ViXj — VjXi, i > 
j, i,j = 1, ...,n, k = 1, ...,K, K = C^. 

Lemmas 1 and 2 contain some properties of G^{t), that we use below. 

Lemma 1. Let us suppose that </)(|x|) belongs to the class inside V{t). For 
classical solution to system (1), (2), (5) the following equalities take place: 

dG^{t) _ f 0'(|xn 



dt 

v(t) 



where 



IiAt) ^ J |^|2 l(V,x)| pda;, 
V(t) 

/■ 0^(|x|) , 2 
/2,0(O = J |^|3 |cr| pdx, 

V(t) 

hAt)= J iri\^\) + in-l)^^)Pdx, 
V(t) 

/4.,W = - 1 ^(x,N)Pdr, 

dVit) 

where N is the outer unit normal to the boundary dV{t). 

To prove Lemma 1 we firstly apply the formula of differentiation with respect to 
time for the integral taken over a moving volume jl], namely, 

^ J f{t,x)dx^ J {^I^ + dW{fit,x)V))dx, 

V(t) V(t) 

then we use the general Stokes formula. For example, taking into account (2) we 
get that 

dG^t) 



= J p',{t,xm^\)dx= J (-div(pV)0(|x|)+div(pV0(|x|)))dx = 

V(t) V(t) 

= I (V0(|x|),Vp)dx= I ^M(v,x)pdx. 

V(t) V(t) 

□ 

Lemma 2. Let 0"(|x|) > 0. Then in the assumptions of Lemma 1 
dt J xev(t) (IxD^dxl) J |x|^ 

V{t) 

To prove this Lemma it is sufficient to apply the Holder inequality to the integral 

dt ■ ^ 

Let us choose 0(|x|) = |x|'', q < 0. We will denote in this case G^{t), '^'^^^^^ , 
Ii,<p{t), i = 1, •■•,4 as Gq{t), Fq{t), Ii^q{t), respectively. We note that for this choice 
of ?!>(|x|) the value of Gq{t) is non-negative. 

To facilitate the formulation of results we introduce the following denotation: 

R,(.t) := {\Qqit)\ f' (9) 
where C is a positive constant, depending on initial data, n and 7, defined below in 
(14), (15), (16), e > 0, M > 0. We will denote dist{dV{t), xo) the distance from the 
boundary of moving volume to xq = 0. 

The main result of the paper is the following theorem: 
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Theorem 1. Let a finite moving volume V{t) of compressible liquid (subject to 
system (IS)) with - smooth boundary dV{t) do not contain a certain point xq. 
Suppose that the flow is - smooth for all t £ [0,r], T < oo, and the pressure 
along the boundary dV(t) is distributed regularly with a constant M uniformly in t 
for t G [0,T]. Let us suppose also that sq := minS'o(x) > — cx). 

Choose some real numbers q < —n — and e, where e is such that < e < 
dist((9V(0),xo). 

Then for all initial data (6) there exists such constant (5 < 0, depending on 
e, q, T, M, n, 7,m, E, Gq(0), sq, that if initially 

|x - xo|«~'(V(0, x), X - xo)pq{x) dx < S, (10) 

V(0) 

then within a time ti, later then T, the boundary of given liquid volume will attain 
the e - neighborhood of point xq . 



More precisely, if 

■ n. then ^ = -p'-lRJO^cth ( 

2em 



,(0)>0, iften 5 = -£'-ii?,(0)cth ( M_ti)Ml^ (11) 



if 
if 
if 



Q,{0) = 0,then ^ = (11') 
Q,(0)<0, T>^^^-^^^^,then S ^ 0, (11") 



{\q\ + l)R,iO)T 



^^(°)<«' ^ < mrijiwy ''''' ^=-s-^i?,(o)ctg^ 

(11"') 

Remark 1. Condition (10) requires that the integral in its left hand side will be 
negative and, generally speaking, sufficiently large by modulus. To guarantee this, 
either the boundary of volume V(0) should be sufficiently close to the point xq, or 
the velocity and density should be large inside the chosen volume. The negativity 
of integral is connected with the fact that the vector if velocity inside the volume 
initially "in average "forms the obtuse angle with the vector x — a;o. 

Proof of Theorem 1. For the simplicity we take xq ~ 0. If the theorem statement is 
not true, then, despite condition (10), there exists e > such that the neighborhood 
i?"(0) = {x £ R"||x| < e} will never belong to the moving volume V{t), if initially 
the origin do not belong to V(0). 

Since ^ V(t), then according to our assumption 0(|x|) has no singularities inside 
V(i). 

It follows from Lemma 2 that 

iF,{t)r<^±lG,it) [ f^i^,vypdx. (12) 



v(t 



Further we apply Lemma 1 together with (12) and get that 
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with 



V{t) 

h,,{t)=q{q + n-2) J \^\'^-^Pdx, 



V(t) 



-q 



J |xri(^,N)Pdr. 



9V(t) 



The first item in this sum is non-negative, the second item is non-positive, the tird 
one is positive provided q < 2 — n and non-positive otherwise, the fourth one can 
have any sight in dependence on the form of the boundary V{t). 
Let us estimate these items. We obtain that 

\l2At)\ < 2k|e^-'i?, 
\h,M < qe^-'M. 
To estimate h.qit) we need the following Lemma. 



Lemma 6. Let q < -n-^. Then, if B'^{0) ^ V(t), the /o, 



estimate holds: 



J Ixl'^^^p''' dx>CiG''g{t)e- 



((«+n)(7-l)+2) 



V(t) 

here the positive constant Ci depends on j,q,n. 



Let us prove Lemma 3. According to the Holder inequality we have that 



q~2 

|x|Vd2;= / |x|V^^< 



v(t) 



< 



/ 



\v(t) 




|X 7 



2 + q{l~l) 

x| dx 



< 



with 



C2 



■2 + qil-l) 

X "'-I dx 



•\s?(o) 



1 (g+.i)(T-l) + 2 

£ 1 



+ n)(7-l) + 2^ 

The integral converges provided q satisfies to restrictions from the statement of 
Lemma 3. 

Thus, we denote 

0-n(l - 7) 



1-7 



,(g + n)(7-l) + 2^ 
and obtain the result of Lemma 3 after elementary calculations. □ 



(14) 
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We continue the proof of the Theorem. Now we can estimate the integral Iz,q{t) 
from below. First of all, we point out that it is positive if q satisfies the restrictions 
from the Theorem statement, since q < —n — implies q < 2 — n. Further, 
according to equation (3) the entropy is conserved along trajectories of particles. 
Therefore Sit.x) > minS'n(x) = sn. Let us denote 

C3 = e"°. (15) 

Since we assume that sq > — oo, then C3 > 0. It follows from Lemma 3 that for q 
from the Theorem statement 

hAt) > C\q\\q + n~ 2|G^(0£-»'+")(^-^)+'\ 

where the constant C is defined as follows: 

C := C1C3. (16) 

Besides we have Gq{t) < e'^m. 

Taking into account all estimates obtained, we get from (13) 

^F,{t) > M±l^_2£;|q|s«-2 + |g||,+n-2|CG^(t)e-«'^+")(^-i)+2)-|g|Me'^-i = 
at \q\ elm ^ 

'"' + ^-(F,2(t)-gV'-^g,(t)), (17) 



F,(0) > \q\s^-^ Rq{0)cthi — ), (18) 



\q\e'^m 

where Qq{t) is defined in (8). 

We consider firstly the case Qq{Q) > 0. 

Assume that initially condition (10) is satisfied with the value of S, given by (11), 
that is 

.AT. 
2 

where A := -^i^^M^^, the function i?g(0) is defined in (9). 

As follows from (17), under this condition within a time t G [0,t), t > the 
function Fq{t), and, consequently, Gq{t) will increase. The function Qq{t) will de- 
crease, inversely, as one can see from its expression. Thus, in the moment t = t the 
inequality 

^ir)>\^{F^{t)^q'e^'^-'Qqm 
at \q\eim ^ 

holds. Acting analogously, we can prolong the interval of decreasing of Qq{t) till 
t € [0, 2r). By means of this procedure, we can in finite number of steps attain the 
time T. So, for all t € [0, T) the inequality 

^ > ^-^(F^it) - qh'^-'QqiO)) (19) 
at \q\e'im ^ 

takes place. 

Let us note that condition (18) signifies that inequalities 

Fqit) > |(7|e«-iE,(0)cth(AT) > Iqle""' Rq{0) (20) 

hold. 

Integrating (19), we obtain that 



Fq{t) > 



|g|£g-ii?,(l+/Ce^') 
1 - /Ce^* 



where JC = M'^" l^'^i!!! = const. If (20) holds, then /C < 1 and F„(t) 

FqiO) + \q\e^-^RqiO) \ J , i\ I 

becomes unbounded within a finite time t* <Ti = j In ^ . 
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However, as follows from the Holder inequality, is bounded, namely 



\Fq{t)\ < |q|e'?-i\/2^. (21) 

Thus, if we show that Ti < T, then we will go to a contradiction with the assumption 
on smoothness of solution up to the moment T. 
Indeed, we solve inequality 

and obtain that it holds if the condition 

F,{0) > |g|e?-ii?,(0)-3^ 

holds, it is the same as (18) (or (10)). 

Now let Qq{0) = 0. Analogously to the preceding case on can show that if con- 
ditions (10) and (11') hold, then the functions Fq{t) and Gq{t) increase, therefore 
Qq{t) decreases. So, we have from (17) that 

dt - \q\eim «^ ^ ^ ' 

Integrating (22) we obtain that for all Fq{0) > within a time later then T2 = 
| g- jj^f"(o) ' function Fq(t) become unbounded. Condition (10) is the requirement 
imposed on Fq (0) for the implementation of inequality T2 < T. 

At last, if Qq(0) < 0, then for any initial data such that Fq(0) > 0, functions 
Fq{t) and Gq{t) increase, Qq{t) decreases, therefore from (17) we get 

Integrating (23) we obtain 

arctg, /f), > arctg, /f) + M±iM, 
^\q\ei-^Rq{0) - ^\q\ei-^Rq{0) em 

and one can conclude that function Fq{t) becomes unbounded within a time later 
then 

fn Fq(Q) \ em 

T3= --arctg- ' > 



,2 "|g|£9-ii?,(0); (|g| + l)i?,(0)■ 

If ^ ^ 2(|g|+T)fl,(o) (this is condition (11")), then T > T3. If T < ^^J^, then 
for the implementation of inequality T > T^, the value of i^g(O) should be bounded 
from below by the constant \q\5, with 5 indicated in (11"'), that is (10) should hold. 
So, Theorem 1 is completely proved. □ 

However, it needs to point out that it may occur that we cannot find initial 
data and constants M > 0, e > 0, T > 0, g, such that (10) holds. The following 
proposition concerns with a necessary condition of implementation of (10) for the 
case Qq{Q) > 0. 

Proposition 1. Let us suppose that the initial data and the constants M > 0, e > 0, 
q < —n are such that 

1 I £M _ ^1^9Wp-(2+(9+")(7-l)) ^ n 

^ 2E 2E 
(that is Qq{0) > 0). Let also condition (10) hold. 
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Then these constants and the time T, when the flow is assumed smooth, obey the 
following inequality 

cth f M±1)W:) < (24) 
V 2sm ) i?,(0) ^ ' 

To prove the proposition we note that inequahty (21) should be true at the zero 
moment of time, too. Then, taking into account (18), we get the following two-sided 
inequality: 

|g|£«-ii?,(0)cth (^M±^ML^ < FS) < |g|dist(aV(0),xo)^"'V2;^. 
Comparing the left and right sides of the last inequality, we obtain 

\ 2sm ) ''''^''> < [dtst{dV{0),xo)) ^ ' 

it signifies (24). □ 

Remark 2. Necessary conditions, analogous to (24), for the case Qq{0) = and 

Qq <0,T < 2{\q\ + r)R^{0) '^^'^ 

^"^ < 1 (25) 



{\q\ + l)Ty 2E 



em J Rq{0)' 



and 



respectively. 

Remark 3. Let us analyze inequality (24). We denote (j>i {Rq{0)) := cth ( ^'"^'"^aem^"^^ 
(l)2{Rq{0)) := ^j^^J^ ■ First of all, (24) implies an upper bound for Qq{0), since 
(/)i(i?g(0)) 1, and (j)2{Rq{0)) -> 0, as Rq{0) oo. For small Rq{0) {Rq{0) -> 0) 
inequality (24) signifies that 



2em y/2mE 
^ {l + \q\)TRq{0)^ltM' 

or 

2em 



Rq{0) < \/2mE 



ii + \q\)T- 

The last inequality can be true only if 

e ^ {l + \q\)VE 



T ^/2rn 
it implies inequality (25), that is natural. 

Example. Let us consider the simplest situation, where the velocity of flow is a 
constant vector, the density and pressure are constants. We suppose that the point 
xq is situated with respect to the volume V(0) such that (V(0, a;), x — xq) < 0. It is 
easy to see that in this case the left hand side of (10) is negative. Evidently that in 
our situation T = oo. Above we pointed out that at a constant pressure we can set 
M = 0. 

We restrict ourself by situations where ^^(O) < 0. In this case, as follows from 
(11"), if the left hand side of (10) is negative, then the moving volume will attain 
the e - neighborhood of point xq. 



9 



The calculation shows that for constant values of velocity, density and pressure 
1 + H - k + n - 2|^|pe-(-+"(--i))) <l-A\qV ( j)'" e~-^^-'\ 
where a positive constant A depends only on po, -Fb, Vq, n, 7, and di ;= sup \x — 

xGV(O) 

ccqI- It is clear that ^ < jist(av(o)) ^ ^' Therefore, if we require condition 

17 f _ 1 p-n(7-l) 



^kr ( ^ ) e""^^"'^ > 1, (26) 



then Qq(0) will be negative. Condition (26) signifies 

1 / ^7l«l 

In £ > — ; In 



that is e is sufficiently large. 

From the other side, condition (26) signifies that if the ratio jj- is not very small, 
that is the moving volume is close to the e - neighborhood of point xo, then the 
value in the left hand side of inequality (26) can be large for small e, too. 

So, if we do not want to miss in the progressive movement the e - neighborhood 
of the point xq, then we need to require initially the volume under consideration 
to be sufficiently close to this neighborhood or the neighborhood to be sufficiently 
large. We should get the same conclusion from elementary geometric considerations. 

Remark 4. Functionals Gq{t) can be used for another purposes. In particular, 
at (7 = 2 it is possible to apply them for investigation of properties of solutions to 
equations of compressible fluid with forcing in several dimension, namely, for the 
search of sufficient conditions of a loss of smoothness by classical solutions [1],[S],[Z|- 
Besides, by means of these functionals one can find asymptotics of the kinetic and 
potential components of total energy for a smooth flow of the compressible fluid jHI, 
[2], and construct classes of exact solutions for such system of equations, as well 
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